The model for the cuprates based on the modified electron-phonon pairing mechanism has been tested. For this purpose, the superconductors with high value of the critical temperature have been taken into consideration. In particular: YBa2Cu3O7−y, HgBa2CuO4+y, HgBa2Cu1−xZnxO4+y, and HgBa2Ca2Cu3O8+y. It has been shown that the dependence of the ratio R1 ≡ 2∆ (0) tot /kBTC on the doping (p) can be properly predicted in the framework of the presented theory; the symbol ∆ (0) tot denotes the energy gap amplitude at the temperature of zero Kelvin, and TC is the critical temperature. The numerical results have been supplemented by the formula which describes the function R1 (p).
The model for the cuprates based on the modified electron-phonon pairing mechanism has been tested. For this purpose, the superconductors with high value of the critical temperature have been taken into consideration. In particular: YBa2Cu3O7−y, HgBa2CuO4+y, HgBa2Cu1−xZnxO4+y, and HgBa2Ca2Cu3O8+y. It has been shown that the dependence of the ratio R1 ≡ 2∆ (0) tot /kBTC on the doping (p) can be properly predicted in the framework of the presented theory; the symbol ∆ (0) tot denotes the energy gap amplitude at the temperature of zero Kelvin, and TC is the critical temperature. The numerical results have been supplemented by the formula which describes the function R1 (p). In the solid state physics, the issue of the correctly determining the pairing mechanism in the hightemperature superconductors (cuprates) is very controversial [1] . Essentially, there is a clash of the two views. First of them is based on the original Fröhlich idea indicating that the interaction of the electron gas with the phonons is responsible for the formation of the superconducting state [2] . The second view favors the clean electron correlations, which in the simplest way can be modeled by the one-band Hubbard Hamiltonian [3] .
It is true that in the cuprates, the classical electronphonon interaction is over one level weaker than the electron correlations [4] . Hence, it may seem that the limitation to the correlations in the electronic subsystem is correct. Unfortunately, in the framework of the Hubbard model with the positive values of the potential (U H ) it is very difficult to describe the thermodynamic properties of the high-temperature superconducting state. What is even worse, there is no convincing evidence that the superconducting state can exist at the sufficiently high temperature [5] . On the other hand, in the case of the negative value of the interaction potential with the same intensity of U H , proving the existence of the superconducting state with the high critical temperature is a simple matter.
Additionally, it is easy to prove that the pairing mechanism based on the classical electron-phonon interaction is insufficient to fully describe the superconducting state in the cuprates [6] , [7] .
In the presented paper, we have tested the pairing mechanism, which combines two opposing approaches. The new mechanism has been proposed recently in [8] (see also [9] and [10] ). It is based on three postulates: (i) In the superconductivity domain of the cuprates the fundamental role is played by the electrons on the CuO 2 planes. (ii) In the cuprates there exists the conventional * Electronic address: adurajski@wip.pcz.pl electron-phonon interaction, which does not have to be strong. (iii) In the cuprates there exist strong electronic correlations, but the electron-electron scattering in the superconductivity domain is inseparably connected with absorption or emission of the vibrational quanta.
The first postulate emphasizes the importance of the quasi two-dimensionality of the system. The second one refers to the classical pairing mechanism given by Fröhlich. The third postulate states that the strong electron correlations in the cuprates are inseparably coupled with the phonon subsystem. The first two postulates define the van Hove scenario [6] , [7] . The third postulate requires further discussion because it is far more subtle. In particular, it should be noted that the postulated electron correlations generalize the Hubbard approach; the classical two-body interaction is replaced with the threebody interaction (electron-electron-phonon). It should be pointed out very clearly that the third postulate does not require the additional phonon channel to be as strong as the electron channel.
By analyzing the set of the given postulates in the terms of the classical theory of the superconductivity [56] , [57] , it can be noticed that the first and second theory is based on the same philosophy. Namely, the physical system is constantly treated in a holistic manner, without the artificial division into the electron and phonon subsystem.
The Hamiltonian corresponding to the presented postulates has been derived in the paper [8] . Then, using the canonical transformation and the formalism of the thermodynamic Green functions one can get the equation determining the properties of the d-wave superconducting state. A detailed form of the equation is presented in the Appendix A.
The considered model has two main input parameters: the electron-phonon pairing potential V (η) and the electron-electron-phonon potential U (η) . The first parameter can be calculated based on the value of the critical temperature (T C ), the second parameter has been [46] . chosen in such a way that it reproduces the value of the temperature at which the pseudogap appears (T ⋆ ). The values of two other input parameters (the hopping integral and the characteristic phonon frequency) have been taken from the literature.
On the basis of the calculated input parameters, we have determined the ratio of the energy gap amplitude at the temperature of zero Kelvin to the critical temperature (
The obtained results have been compared with the experimental data. In particular, the following compounds have been studied: YBa 2 Cu 3 O 7−y (YBCO), HgBa 2 CuO 4+y (Hg1201), HgBa 2 Cu 1−x Zn x O 4+y (Hg1201-Zn), and HgBa 2 Ca 2 Cu 3 O 8+y (Hg1223). It should be noted that the considered compounds are the examples of the superconductors with the highest critical temperature (the optimal doping).
In the first step, the ratio R 1 for the superconductor YBCO has been calculated. In Fig. 1 of the data included in the paper [62] ; the values T ⋆ (p) have been determined averaging the large number of the experimental data. Then, on the basis of the equation (1A), the pairing potentials V (η) and U (η) have been calculated. The achieved results and the detailed descriptions of the experimental data used in this paper have been summarized in the Appendix B.
Next, we have prepared the dependence R 1 (p) (Fig. 1  (B) ). It has been found that the theoretical results correctly reproduce the experimental data. Let us notice that the dependence of the critical temperature on the doping for the cuprates has been parametrized with the help of the expression:
2 [63] . The shape of the function R 1 (p) can be reproduced in a similar way. In the considered case, the following result has been obtained:
where p c is the value of the concentration of the holes at which the superconducting state appears; α is the fitting parameter. For YBCO, it has been assumed that: p c = 0.05 and α = 1. The symbol [R 1 ] dBCS denotes the value of the ratio R 1 calculated in the framework of the dwave BCS model: [R 1 ] dBCS = 4.28 [64] . The form of the analytical results has been presented in Fig. 1 (B) . In the same way the course of the dependence of R 1 on p in the family of the high temperature superconductors containing mercury has been submitted. The results have been presented in Fig. 2 -Fig. 4 ; similarly for analysis as in the case of YBCO, in the Appendixes (C), (D) and (F), we have collected the values of the pairing potentials and the detailed descriptions of the experimental data.
In the case of the superconductor Hg1201, the shape of the function T C (p) has been obtained on the basis of the papers [47] , [49] , and [65] ; the averaged values of T ⋆ (p) have been determined with the help of the experimental data presented in Fig. 2 (A) . The theoretical results and the experimental data have been collected in Fig. 2 (B) . It has been found that the theoretical predictions agree with the experimental data. Then, by using the formula (1), the course of the function R 1 (p) has been reproduced; the following parametrization has been selected: p c =
The superconductor Hg1201-Zn represents the case for which no experimental values of R 1 (p) have been found in the literature. However, there are well defined functions T C (p) and T ⋆ (p) (Fig. 3 (A) ). Thus, the course of the dependence R 1 (p) can be calculated theoretically. The strict numerical data have been collected in Fig. 3  (B) . In addition, there have been presented the results obtained on the basis of the formula (1), for which it has been assumed that: p c = 0.044 and α = 1.
It is easy to notice that for p ≥ 0.11, in the relation to the course obtained for Hg1201, the disorder induced by zinc does not exert the significant influence on R 1 (p). Much bigger deviations can be noticed for the lower values of the doping. The discussed effect can be relatively easily verified by the experimenters -we strongly encourage to do so.
The superconductor Hg1223 is characterized with the highest observed critical temperature for the optimal doping (T C ≃ 135 K) [66] . The full courses of T C (p) and T ⋆ (p) for Hg1223 have been determined in the paper [58] and [59] (Fig. 4 (A) ). Using the already discussed method of the analysis, we have obtained the theoretical form of the function R 1 (p). The results have been presented in Fig. 4 (B) . We have found that the theoretical predictions reproduce the existing experimental data very well. Additionally, in Fig. 4 (B) there have been plotted the analytical values of R 1 (p); we have assumed that: p c = 0.05 and α = 1.
To summarize: in the presented paper, we have calculated the dependence of the ratio R 1 on the doping for four superconductors characterized by high values of the critical temperature. In the case of YBCO, Hg1201 and Hg1223, the theoretical results reproduce the experimental data very well. For the superconductor Hg1201-Zn only the theoretical results have been provided due to the fact that the relevant experiments have not been undertaken yet. Finally, we have shown that the shape of the function R 1 (p) can be reproduced by the analytical formula.
The presented theory can be used to explore all other thermodynamic parameters of the cuprates. It seems that one of the most fundamental issues is associated with the interpretation of the experimental data obtained by using the ARPES method. Such studies are currently underway and, in a short time, the results will be presented.
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Appendix A: THE FUNDAMENTAL EQUATION
The equation for the high temperature superconducting state has the form [8] (see also [9] and [10] ):
where the quantities V (η) and U (η) denote the effective pairing potentials for the electron-phonon and electronelectron-phonon interaction, respectively. The symbol ∆ (η) is the amplitude of the d-wave order parameter;
k is given by the expression:
where ε k denotes the electron band energy: ε k = −tγ (k); t is the hopping integral and
The quantity β has been defined as: β ≡ 1/k B T , where k B is the Boltzmann constant. The equation (A1) has too much a complicated form to be solved in the analytical way. For this reason, it has been analyzed by using the numerical methods. Additionally, we have assumed that: The energy gap amplitude at the temperature of zero Kelvin is defined as:
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Appendix B: THE VALUES OF THE PAIRING POTENTIALS V (η) , U (η) AND THE EXPERIMENTAL RESULTS FOR YBCO

Material Hole doping
t (meV) Ref. ω0 (meV) Ref. TC (K) T ⋆ (K) (T ⋆ − TC) /TC V (η) (meV) U (η) (meV) YBCO p = 0
